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Propositional Equivalences

A compound proposition that is always true, no matter what the truth values of the proposi-
DEFINITION 1 tional variables that occur in it, is called a tautology. A compound proposition that is always

false 1s called a contradiction. A compound proposition that is neither a tautology nor a
contradiction is called a contingency.

EXAMPLE We can construct examples of tautologies and contradictions using just one propositional vari-
able. Consider the truth tables of p vV —=p and p A —p, shown in Table 1. Because p vV —p is
always true, it is a tautology. Because p A —p is always false, it is a contradiction. <

TABLE 1 Examples of a Tautology
and a Contradiction.

p 4 pv-p PA—D

T F T F
F T T F




Remark: The symbol = is not a logical connective, and p = ¢ is not a compound proposition
but rather 1s the statement that p <> g 1s a tautology. The symbol < is sometimes used instead
of = to denote logical equivalence.

EXAMPLE Show that —=(p Vv ¢g) and =p A —q are logically equivalent.

Solution: The truth tables for these compound propositions are displayed in Table 3. Because
the truth values of the compound propositions —(p Vv ¢g) and —p A —g agree for all possible
combinations of the truth values of p and g, itfollows that—=(p Vv q) < (—p A —¢g)1satautology
and that these compound propositions are logically equivalent. <

TABLE 3 Truth Tables for =(p v ¢) and =p A —q.

P q pPVq =(pVyq) =p =g =pA-q
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T




EXAMPLE Show that p — g and —p V g are logically equivalent.

Solution: We construct the truth table for these compound propositions in Table 4. Because the
truth values of —=p VvV ¢ and p — g agree, they are logically equivalent.

TABLE 4 Truth Tables for —=p v ¢ and
pP—4q.
p q 4 “pVq P—4q
T T F T T
T F F F F
F T T T T
F F T T T

This logical equivalence is one of the two De Morgan laws, shown in Table 2

TABLE 2 De
Morgan’s Laws.

—(pANg)=—pV—q
—(pVq)=—-pA—q

<



EXAMPLE Show that p vV (g Ar) and (p vV g) A (p V r) are logically equivalent. This is the distributive
law of disjunction over conjunction.

Solution: We construct the truth table for these compound propositions in Table 5. Because
the truth values of p vV (g Ar)and (p vV g) A (p V r) agree, these compound propositions are

logically equivalent. <

TABLE 5 A Demonstration That pv (g Ar)and (p Vv q) A (p V r) Are Logically
Equivalent.

p q r qAr pVv(gAr) pPVvVyq pvr (pv@) A(pVr)

T T T T T T T T

T T F F T T T T

T F T F T T T T

T F F F T T T T

F T T T T T T T

F T F F F T F F

F F T F F F T F

F F F F F F F F




Table 6 contains some important equivalences. In these equivalences, T denotes the com-

pound proposition that is always true and F denotes the compound proposition that is always — [*. . " 6 Logical Equivalences.

false. We also display some useful equivalences for compound propositions involving condi-

, , o o , A , Ry e Equivalence Name
tional statements and biconditional statements in Tables 7 and 8, respectively. DAT=p Identity laws
pVvVF=p
pvT=T Domination laws
pAF=F
TABLE 7 Logical Equivalences pYpP=r Idempotent laws
Involving Conditional Statements. PAP=P
TABLE 8 Logical B —(=p)=rp Double negation law
Equivalences Involving p—>q="rVyg oy Commutative |
Biconditional Statements. P> qg=—q— —p pY4=4Vve ommutative laws
PAG=qAp

p<q={p—>q9)N(Gg— p)
p<q="p<—q
p<qg=(pAqg)V (—pA—q)

—(p<qg)=p< g

pVg=—"p—yq
pAg=—(p—> —q)
—~(p—>qg)=pAr—q

(p—=>g@ N(p—>r)=p—>(qAT)
(p=>r)ANg—>r)=(pVg) —>r
p—>q@)Vp—>r)=p—>(qVr)
(p—=>r)vig—>r)=(pnrg)—>r

(pvVg)Vr=pVvi@Vr)
(pANg)ANr=pA(gAT)

Associative laws

pVv@Ar)=(pVvg)A(pVr)
pA@VTr)=(pAg)V(pAT)

Distributive laws

—(pANg)=—-pV—q
—(pVg)=—-pA—q

De Morgan’s laws

pV((pAg)=p
pA(pVg) =p

Absorption laws

pv—-p=T
pA—-p=F

Negation laws




Furthermore, note that De Morgan’s laws extend to

—(p1V P2V Vp) =(CpILATP2A - ATDy)

and

—(P1LAP2AN---Apy)=(=p1V—opaV---V=opy).

Constructing New Logical Equivalences

The logical equivalences in Table 6, as well as any others that have been established (such as
those shown in Tables 7 and 8), can be used to construct additional logical equivalences. The
reason for this is that a proposition in a compound proposition can be replaced by a compound

proposition that 1s logically equivalent to it without changing the truth value of the original
compound proposition.



EXAMPLE Show that =(p — ¢) and p A —g are logically equivalent.

—(p —>q)=—-(—pVQq) by Example 3
= —(—p) A —g by the second De Morgan law
=pAN—q by the double negation law

EXAMPLE Show that =(p VvV (—p A g)) and —=p A —q are logically equivalent by developing a series of
logical equivalences.

Solution: We will use one of the equivalences in Table 6 at a time, starting with —=(p V (—=p A q))
and ending with —=p A —¢g. (Note: we could also easily establish this equivalence using a truth
table.) We have the following equivalences.

—(pV(=pAg)=—-pA—-(—pAqg) by the second De Morgan law
=-pA[—(—=p)V —q] by the first De Morgan law
=-pA(pV—q) by the double negation law
= (—=pAp)V(=pA—qg) bythesecond distributive law
=FV (—=pA—q) because =p A p =F
=(—pA—qg)VF by the commutative law for disjunction
=-pA—q by the identity law for F

Consequently —=(p V (—p A q)) and —p A —q are logically equivalent. <



EXAMPLE Show that (p A g) — (p V q) is a tautology.

Solution: To show that this statement is a tautology, we will use logical equivalences to demon-
strate that it is logically equivalent to T. (Note: This could also be done using a truth table.)

(pAng)—>(pVvg)=—(pAg)V(pVq)  byExample3
= (—=pV—=g)V(pVgqg) bythefirst De Morgan law

= (—pV p) V(=g Vq) bytheassociative and commutative
laws for disjunction

=TvT by Example 1 and the commutative
law for disjunction

T by the domination law

Propositional Satisfiability

A compound proposition is satisfiable if there is an assignment of truth values to its variables that
makes it true. When no such assignments exists, that 1s, when the compound proposition is false
for all assignments of truth values to its variables, the compound proposition is unsatisfiable.



EXAMPLE

Determine whether each of the compound propositions (pV —g)A(gV —r)A
(rv=p), (pVvgVvr)A(=pVv—-gVv-r), and (pV=g)AN(@V—-r)AFV-p) A
(pVvgVvr)A(—pV gV —r)is satisfiable.

Solution: Instead of using truth table to solve this problem, we will reason about truth values.
Note that (p vV —g) A (g VvV —r) A (r V —p) 1s true when the three variable p, g, and r have
the same truth value (see Exercise 40 of Section 1.1). Hence, it is satisfiable as there is at
least one assignment of truth values for p, g, and r that makes it true. Similarly, note that
(pVgVvr)A(—pV gV -r)istrue when at least one of p, g, and r is true and at least one
is false (see Exercise 41 of Section 1.1). Hence, (p Vg Vr) A (—p VvV —g Vv —r) is satisfiable,
as there is at least one assignment of truth values for p, g, and r that makes it true.

Finally, note that for (p vV —=g) A (gV = r) A(rvV =p)A(pNVgVr)A(—pV—-g\V-r)
to be true, (pVvV—g)A(gV - r)A(rV-p)and (pVgVr)A(—pV gV -r)must both
be true. For the first to be true, the three variables must have the same truth values, and
for the second to be true, at least one of three variables must be true and at least one must
be false. However, these conditions are contradictory. From these observations we conclude
that no assignment of truth values to p, g, and r makes (pVv —g) A(g@V —r) A(r v —-p) A
(pVgVvr)A(—pV gV -r)true. Hence, it is unsatisfiable. <



Predicates and Quantifiers

Predicates , , ,
Statements involving variables, such as

“x >3 “x=y+37 “x+y=2z7
and

“computer x is under attack by an intruder,”
and

“computer x is functioning properly,”

The statement “x is greater than 3™ has two parts. The first part, the variable x, is the subject
of the statement. The second part—the predicate, “is greater than 3”—refers to a property that
the subject of the statement can have. We can denote the statement “x is greater than 3” by P (x),
where P denotes the predicate “is greater than 3” and x 1s the variable. The statement P (x) 1s
also said to be the value of the propositional function P at x. Once a value has been assigned
to the variable x, the statement P (x) becomes a proposition and has a truth value. Consider
Examples 1 and 2.



EXAMPLE 1 Let P(x) denote the statement “x > 3.” What are the truth values of P(4) and P(2)?

Solution: We obtain the statement P(4) by setting x = 4 in the statement “x > 3.” Hence,
P (4), which is the statement “4 > 3,” is true. However, P(2), which is the statement “2 > 3,”
is false. |

EXAMPLE 2 Let Q(x, y) denote the statement “x = y 4+ 3.” What are the truth values of the propositions
Q(1,2) and 0(3,0)?

Solution: To obtain Q(1,2), set x = 1 and y = 2 in the statement Q(x, y). Hence, Q(1,2) 1s
the statement “1 = 2 4 3,” which is false. The statement Q (3, 0) is the proposition “3 = 0 4 3,”
which is true. <



Quantifiers

DEFINITION

The universal quantification of P (x) is the statement

“P(x) for all values of x in the domain.”

The notation Vx P (x) denotes the universal quantification of P(x). Here V is called the

universal quantifier. We read Vx P (x) as “for all x P(x)” or “for every x P(x).” An element
for which P (x) is false is called a counterexample of Vx P (x).

The meaning of the universal quantifier is summarized in the first row of Table 1.

TABLE 1 Quantifiers.

Statement

When True?

When False?

VxP(x)
dx P (x)

P (x) is true for every x.

There is an x for which P (x) is true.

There is an x for which P(x) is false.

P (x) 1is false for every x.




EXAMPLE Let P(x) be the statement “x + 1 > x.” What is the truth value of the quantification Vx P (x),
where the domain consists of all real numbers?

Solution: Because P (x) is true for all real numbers x, the quantification
VxP(x)

is true. <

EXAMPLE Let Q(x) be the statement “x < 2.” What is the truth value of the quantification Vx Q(x), where
the domain consists of all real numbers?

Solution: Q(x) 1s not true for every real number x, because, for instance, Q(3) is false. That is,
x = 3 is a counterexample for the statement Vx Q(x). Thus

VxQ(x)
is false. <



THE EXISTENTIAL QUANTIFIER

DEFINITION , , : : . .
The existential quantification of P(x) is the proposition
“There exists an element x in the domain such that P(x).”
We use the notation dx P (x) for the existential quantification of P(x). Here 3 is called the
existential quantifier.
EXAMPLE Let P(x) denote the statement “x > 3.” What 1s the truth value of the quantification dx P (x),

where the domain consists of all real numbers?

Solution: Because “x > 3 1s sometimes true—for instance, when x = 4—the existential quan-
tification of P(x), which is 3x P (x), is true. <4

Observe that the statement 3x P (x) 1s false if and only if there is no element x in the domain

for which P(x) is true. That 1s, 3x P(x) is false if and only if P(x) is false for every element of
the domain.



EXAMPLE Let O (x) denote the statement “x = x + 1.” What s the truth value of the quantification dx Q (x),
where the domain consists of all real numbers?

Solution: Because Q(x) is false for every real number x, the existential quantification of Q (x),
which is 3x Q(x), is false. <

EXAMPLE . : 2 -
What is the truth value of dx P(x), where P (x) 1is the statement “x~ > 10" and the universe of

discourse consists of the positive integers not exceeding 47

Solution: Because the domain is {1, 2, 3, 4}, the proposition dx P (x) 1s the same as the disjunc-
tion

P(1)vP2)vP3)VPaH4.

Because P (4), which is the statement “42 > 10,” 1s true, it follows that dx P (x) is true. <



